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Switched DAEs

Switched DAE

E;i = Asx + Bou, x(ty) = Xp C R",

DAE
y = Cox + Dyu, (sw )

»  Switching signal: o : [to,tf) = Q:={0,1,...,m}
y Modes: (Ek7Ak7Bk,Ck,Dk> for ke Q

y Singular system: Ej € R™"™ usually singular

Motivation
» Electrical circuits with switches
» (Linearized) models of water distribution networks with valves

y Mathematical curiosity
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Toy Example

Consider (swDAE) given by:

on [tp, s1) : on [s1, s2) on [s2,lf) :

0100 0 1000 0 0000 1000
b= [d0dk]a |8 | 8888 o =0 [V [8380)2= 2008
0000 0 0010 0 0001 0110
y=0 y=J[ooo01]z y=J[oo01]x
3 i Swit‘ched PAE Sl?tes i 3 i i i Out‘put i i i i
2 g
! /\/
0 ]

time t time t
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Model reduction

Model reduction task

(Approximately) same input-output behavior with smaller size switched system

For the toy example: possible to reduce to mode-dependent state-dimensions (2, 1,2):
Reduced System States
T T T

3
2 i
1 __/ i
0 Zi1 |7
1k 21.2 i
- /2\2
2k Z3a1 ||
Z32

3 I I I I I I I I 1

0 0.5 1 1.5 2 25 3 3.5 4 4.5 5

time t
!
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Introduction

Key challenges and novelties

E;i = Asx + Bou, x(ty) = A&p CR",

DAE
y = Coz + Dou, (SW )

» Fixed switching signal on fixed finite time interval [to,)

» No stability assumption for individual modes

» No restriction on index of DAE ~» Dirac impulses in state and output

» Allow non-zero (possibly inconsistent) initial values via subspace Xj

» Reduced model should again be a switched system (with same switching signal)

y Allow mode-dependent reduced state dimension
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Overview: reduction approach
2= AP Biu, on (sg,sp)
Byi— Az + Bou| QWF |6 =t [ss+B0 ()
y=Cyx+ Dyu y=Crz+ Do+ D{™U™, on (sg, sjs1)
Yy = Lol o 2 » »
T ylse] = Z [(,‘]Lz(s;) + DU () — Dim U"}‘(SZ)PEQ
i=0
\\
\
\
\
\

\
\
A\
A\
\
~
4

PGP 4 B,

' Overall reduction
\

2(sf) = 1

o AN B,

reduced

realization

on (sk, Sk+1):

y=Ciz+

w2

on (sk, k+1),
a‘:m(s;) = Ji

P (s7) + T U (57,

§=CmPzme

midpoint

SEFIRU (s),

ulsil = Y [Ciatn) +
i=0

on (sk, $k+1),

a2,

TP = AP | BITPy,
balanced R
truncation (s = I

impulse decoupling

on (s, Sk+1):

A (st) = JE

"
(s

Stephan Trenn (Jan C. Willems Center, U Groningen)

y = CIPL™P 4 CImPyimp

Pk . N
ylsil =D [C;'cmwf""p(-’{) +

i=0

on (s, k11)s
P (s0) 4+ JE U (7).

si) + JETU (s,

50

s s
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The three main steps

1. Reduced realization (always possible, depends only on mode sequence)

= Via Wong-sequences and Quasi-Weierstrass form rewrite (swDAE) as switched
ODE with jumps and impulsive output of same size

= Calculate extended reachability and restricted unobservability subspaces

= Calculate weak Kalman decomposition and remove unreachable/unobservable parts

= Define reduced jump maps, output impulses, initial value space and initial projector
2. Impulse decoupling (structural assumption, depends only on mode sequence)

= Key observation: Dirac impulse = infinite peak
~» do not change states which effect output Diracs

= Assumption: States evolve in two disjoint invariant (mode-dependent) subspaces
3. Midpoint balanced truncation (invertability assumption on Gramians)

= Solution = Solution for continuous input + Solution for discrete input

= Calculate midpoint reachability Gramians for continuous and discrete time system

= Calculate midpoint observability Gramians

= Apply mode-wise balanced truncation via the midpoint Gramians

!
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From (swDAE) to switched ODE
AN 4 BITu, on (sgski1)
2(sH) = 2(s7) imp i1 (]
E,i = Asx + Byu QWF () = T [o(5 ) + BITRU 1 53)
Crz 4 + D"PUE, Sk» Sk
y = Cot + Dou e ¢ on (o5 sk+1) reduced
T sl = Y7 [Chatsp) + DITPTUM1 (57) = DIPTU () o) realization
\ i=0
\}
! -~ -,
' Aﬁ‘"erBﬁ‘"u‘ on (Sk, Skt1),
\ 5) = 2 (s0) + U 1 (s70),
' Overall reduction 1= on (st k1)
| ylsi] = ; [Gizep) + 154,
\
\
A\ . .
! impulse decoupling
————— midpoint ———
Zimp WP 4 B, on (sk, Sky1)s b | d ™ = AP By on (s, sk41),
alance PP = AP 4 By on (sy, spp1)s
B (s0) + I U (s truncation

§= G

Stephan Trenn (Jan C. Willems Center, U Groningen)

P (s ) + I
’W+(~l\§mpﬁimp+

P
ulsi) = Y [CimPiam () +

i=0

U1 (sy),

Model
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Some DAE fundamentals
Ei = Ax+ Bu (DAE)

Definition (Regularity)
(E,A) or (DAE) is called regular <= det(sE — A) #0

Theorem (Regularity characterizations)
(DAE) is regular
<= VYu 3 solution of (DAE), uniquely determined by x(to)
< VYu Vao € R" exists unique distributional solution with x(t; ) = o
<= 3S,T such that (SET, SAT) is in quasi-Weierstrass form

<[é ](\)[] , [‘é ?]) , N nilpotent (QWF)

S, T and (QWF) can be easily obtained via Wong-limits V*, W* C R™
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Wong-decomposition

Definition (Some matrix definition based on Wong limits)

Mgy =T [F81T7| |04 =T[§8]5| s =T [39]5

dff dfF dff diff

Theorem (Solution decomposition)

z solves (DAE) with z(ty) =z <= x = a9 + 2P € V* § W* where
dlff Adlff diff Bdiﬂ:u, dlff( O ) H(E A)70,

EimpiJmp _ mlmp 4 Blmpu’ x|mp( ) (I H(E A))

!
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Explicit impulsive solution formula

Lemma

T™P solves EIMPGIMP = giMP  BiMPy, ZiMP(¢ ") = (I — )zy <

2™ = BMPUY  on (to,ty)
- v—2 ) ) . ;
#P 1] = — Z(Emp)z—&-l(x[) _ BumpUV(tg))(Sgé)’
=0

where v € N is the nilpotency index of E™P and

UY = |:UT"[LT,... ’u(’/*l)—r]—r

Bimp o — [Bimp7 EimpBimp7 e (Eimp)u—lBimp] )

!
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Reduced realization

Equivalent switched ODE formulation

Corollary

For each xo € R™ the input-output behavior of (swDAE) is equal to the one of

g = Agiffz + Bgiffu, on (sg,sk41), 2(ty) = 2o

z(s;ﬁ") = I, [z(s,;)—&—B}C”lPlkafl(s;)} , k>0

y = Cgz D;™UY,  on (sk, sk+1)

Vk72

ylsl = Y [Cia(sp) o8]

=0

e BTP=0 DI~ GBI, CLi=GUHTIY,
D;C’T‘ip* o= —Ck(E]'cmp)i-i—lB;:lPl and D;:;P+ o= _Ck(E;cmp)i+1B;€mp'

Stephan Trenn (Jan C. Willems Center, U Groningen) Model reduction for switched DAEs (11 / 34)
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Toy example - Wong matrices

The matrices (ITj,, ASf, B, E;Cmp,B,icmp) are given by

1000 0100 07700007 107

k=0": 0100 0010 0 0000 0
’ 0010[>]0000]| |1 0000(f~-1]0 ’

0001 0000 0l Looood Lol

1000 0000 0 (00007 07

k=1: 0100 0000 0 0000 0
' 0000(>|0000|>|0Of>]0000]|"]|1 ’

0000 0000 0 LOO10J LOJ

0000 0000 0 (00007 07

k=2 0100 0000 0 0000 0
- 0010(>{0000|>|]0|>({0000(f>]0 ’

0001 0110 0 LOooOOJ LOJ

The corresponding feedthrough terms are then

im im im imp+ imp—
D() P = 01x05 D1 P = [0‘1]; D2 P= O1x1, Dl,(]p = DLOP = O1xo0-

|
.
<)
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Reduced realization

Toy example - switched ODE representation

on (sg,s1) : on (s1,s2)
[8593] H =0

zZ= zZ+ u 1
8888 (1) z(s’f) = {8

) = a0 —[00010]

y=0 V=

ylso] =0 yls1] =

Switched DAE States

Stephan Trenn (Jan C. Willems Center, U Groningen)
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Reduced realization

Reduced realization of switched ODE

Esi = Ayx + Byu

2 =AY 4 BIfu, o (sp,sk41)

2(s) = T [qs;) B UM (s7)

QWF

Y= Chz+ Dy + DI™UY, on (s, 541) reduced
y=Cox+ Dou s
T dlsil = Y [Clasr) + DI U1 (s7) = DR U (s)| o) realization
\ i=0
\}
A\
\ z+ BITu, on (sg,spp1),
“ KZ(s7) +HTRU 1 (s7),
' i y=Cri+ on (i, Sk41)s
\ Overall reduction ‘ !
\
\
\
\
A\
\
~
,Z:Tpfier IA?L'T"M,

=

FP(s) = T

P(si) + UM

on (s, Sk+1)

midpoint
balanced

s truncation

Stephan Trenn (Jan C. Wil

impulse decoupling

llems Center, U Groningen)

on ($k. S1)s
Fimp —

on (g, k+1)s

Jimp

AP (s) = TP (s0) 4 S U (7).

AP (s) = JE A (s ) + U U (s,

y = PP 4 Cimeimp

Pk
s = 35 [clmiaimesg) + J4.
i=0

Model reduction for switched DAEs (14 / 34)
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Reduced realization - notation reset

% = Apz + Byu, n (sgssk41),  2(tg) =zo0 € Ao,
2(sf) = Ji2(sp) + Jpo, k>0,
y= Ck:Z n (Ska 8k+1)7
ZC’kz sk 5&), k>0,
lreduction
2= A2+ Byu, n (skskt1),  Z(ty) = Zo(wo),
2(sf) = JFz(sy) + Jpop, k>0,
y= ak»/Z\, n (skzv Sk+1)7
pr ®
ylsk] = 2(s )05y, k>0,
=0
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Reduced realization

Recall: Kalman decomposition
Reachable subspace for & = Az + Bu
R := (A |im B) := im[B, AB, ..., A"~ B] «» smallest A-inv. subspace containing im B

Unobservable subspace for & = Az, y = Cx
U:=(ker C'| A):=ker[C/CA/ ... /CA" '] w largest A-inv. subspace contained in ker C

Kalman decomposition
Choose coordinate transformation @ = [P, P2, P3, P4] such that
im P! = RNY, im[P',P? =R, im[P},P}=U
then (Q~1AQ,Q !B, CQ) is a Kalman decomposition:
(F5EE] e

0 0 Agz Aga |’ | 0 [ 20 C4]

0 0 0 Ay 0
~» (Agg, By, C) has same input-output behavior as (A, B, C) for zp € R

Stephan Trenn (Jan C. Willems Center, U Groningen)

Model reduction for switched DAEs (16 / 34)



Reduced realization

Removing unreachable/unobservable states

Reduced realization: Basic idea

Remove unreachable/unobservable states
~s reduced system with same input-output behavior

Challenges for switched DAE

» Structurally unreachable: States evolve within consistency subspace
» Initial value before switch structurally unreachable for current mode

» Reachable and unobservable subspaces fully time-varying for switched systems
Example to illustrate time-varying nature of reachable space:
1 0-10 0
= |0|won [tg,s j;z[loo}x [0}uonst
[o} [to, s1), 1oojed |0 [s1,tf)

. 1 . cos(t—s1) 0
R[tg,t) =im |:8:| for t € (to,t1], R[to,t) =im sin(to—sl) (1] for t € (Sl,tf)

Stephan Trenn (Jan C. Willems Center, U Groningen) Model reduction for switched DAEs (17 / 34)
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Weak Kalman decomposition
Definition
y RC R™ is called extended reachable subspace
<= R is A-invariant and contains im B (and hence R)

»y U C R"™ is called restricted unobservable subspace
:<=> U is A-invariant and is contained in ker C' (and hence in i)

Weak Kalman decomposition

Choose coordinate transformation Q = [P, P2, P3, P%] such that
im P! =RNY, im[P,P?]=R, im[P,P=Uu

then (Q~1AQ, Q7 1B,CQ) is a Weak Kalman decomposition:

Aél £12 Aés ﬁm B
22 24 B
0 G Ay at|s B2 [0ce00]

0 0 0 Ay 0
~ (Agg, By, Co) has same input-output behavior as (A, B,C) for g € R

Stephan Trenn (Jan C. Willems Center, U Groningen) Model reduction for switched DAEs (18 / 34)



Reduced realization

Sequence of ext. reach. /restr. unobs. subspaces

%= Apz+ Bru, =z(ty) =z € A,

) =Jialsy) + Y
Back to switched ODE with jumps and Diracs: o) = Tzl ) - T

Pk )
y=Crz ylsil =Y Cla(s;)al)
i=0

Lemma (Exact reachable/unobsersable subspaces)
M7 = R([Tt075k+1) and N := L{ék’tf) are recursively given by:
M =Xy, MG =Ry + e (JEMI_ +imJY), k=0,1,...m,
NE =Un, N =U N e (D) NG NUTR), k=m—1,...,0,
Key fact
For any subspace V C R and any A € R™*™: (V| A) C eV C (A | V)

!
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Reduced realization

Sequence of ext. reach. /restr. unobs. subspaces

2= Apz + Byu, Z(ta)ix()EXo,

+ = J? - TV
Back to switched ODE with jumps and Diracs: o) = Jizloy )+ T

Pk )
y=Crz ylsil =Y Ciz(s;)ay)
=0

Definition (extended reach. /restricted unobs. subspaces)
Rk g ﬁ075k+1)

R_q:= Xo, ﬁk = Rk+<Ak ‘ Jgﬁk_l —i—imJ}é}, k=0,1,...m,
Mm o= Z/{m, Mk o= ukm<((‘]]?)_1zik+l)mu]|gnj_pl | Ak>7 k:m_la"'voa

and U, C Uékif) are recursively given by:

Key fact
For any subspace V C R™ and any A € R™*™: (V| A) C eMV C (A | V)

!
Stephan Trenn (Jan C. Willems Center, U Groningen) Model reduction for switched DAEs (19 / 34)



universityof
groningen

Reduced realization

Reduced realization via weak Kalman decomposition

For each mode k: Ry, U, ~» weak Kalman decomposition:

B R e i R B S
* 0 0 0 = * 0
Ck[*Vk * *]_ [OC’kO*}

Ci = CiVi_1, JE = Wi Ji Vi1, TV = Wiy

Reduced sw. ODE with jumps and Diracs:

Stephan Trenn (Jan C. Willems Center, U Groningen) Model reduction for switched DAEs (20 / 34)
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Toy example - reduced realization

on (sp, 51) on (s1,s82) : on (s2,s3) :
z2=0 ) 0000
0100 0 1000 22{8888 z
s—lo010], 40|, o [8999 0110
0000 i 2(s7) = 13888 2(s7) 0000 00 -
booo 0 0000 Y= (0100 (6 00| [ us1)
(s) = u (s3) 0010]2(s2) 10 i(s)
25y 0o y=1[ooo1]z+[0o-1](}) 0001 01 \uls
y=20 u(s? y=[oo01]z
vl — 0 slsil = (fo0-r0l2(6) = (o (160)) ) o | oy
_ 100 . 10 . 000
Ro =im 8(1]9 Ri=im 8(1) Ro =im (1](1)8
000 00 001
1 10 10
to=m[§| | —m|gd] o =i [ ]
0 00 00

Stephan Trenn (Jan C. Willems Center, U Groningen) Model reduction for switched DAEs (21 / 34)



Toy example - reduced realization
on (50’51) : on (51,52) on (82,53)
! 2=[9§]2
Soo1iz[0]u | E6T)=[10)367) e wieg)
y:([f”'} o y=l0a]() (3[) ][A(”“‘?) [5“(@(59)
+ y=101|z
ylso] =0 y[su:([oflmn—[l KZEZ%?))‘*] sl =0

Stephan Trenn (Jan C. Willems Center, U Groningen)
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!
= AP 1 BT on (spysker)
S(et) — o imp 7 7u, -
Eoi = Az + Bou| QWF [ 60 =i [0+ BT )]
y=Crz+ + D™PU", on (s, sj41)
y = Cyz + Dyu o g oSt reduced
Y ylsel = Y [Cla(si) + DITPTU"1(s) = DR U™ ()| of) realization
1 i=0
\
\ - -~
\ AS 4 Bffu,  on (sgysk41)s
“ = T 2(sy) + JRU1 (s70),
\ . on (Sg,Ske1),
\ Overall reduction s
' 160
\ 175
1
\}
) . .
\ impulse decoupling
] . .
—————— midpoint ———————
@ = ATPETP 4 B, on (s, sk41)s bal d F = AT 4 BTy on (si, k),
alance HTP = AP B, on (s, s41)s
F(sE) = T TP (s) + T U (7). truncation () = JE (s + U (57),
o (s ) = JE AR (s +
§=CmPzme

UYs-1(sf)
y = CITPL 8 4 imeimo

Pk N

sl =30 [{.ilnp/lwnvp(‘\,y Y4

i=0

Stephan Trenn (Jan C. Willems Center, U Groningen)
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=}

Approximation of Dirac impulses?

Assume output Dirac is given by y[s;] = CPz (s )ds,

~» model reduction J[s;] = CPZ(s; )ds,

- error £ 1= CPz(s; ) — CPZ(s;,) leads to output error y[so] — J[so] = £6s,
~» arbitrarily small approximation error leads to infinite error peak
Conclusion for model reduction

Unclear how to quantify error in Dirac impulses (especially for higher order Diracs)
~» do not reduce parts of states which effect output Diracs
~» apply further model reduction only on the impulse-unobservable part of the state

Impulse decoupling assumption

For each mode there exists a state decomposition R™* = X,me (&) X,me s.t.:
imp —2

I ker[C_]g/C,i/ /O

2. X,'cmp and X,'Cmp are Aj-invariant

3. JEXIM™ C AP and JEXI™P C xi™P

!
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Midpoint balanced truncation
E,i = A,z + Byu QWF

y=Cyx+ Dyu

2+ BT,

on (s, sk+1)
)—Hk[ () + B U (sp)|
y=Crz+ + D;c’”pU”‘
-2

on (s, sk+1)

ylsk = Z [ ,Cz(s;)+D;f:" U1 (s7) — DITPTU( +)} (i)
i=0

reduced

\ Overall reduction
\

i

realization

Amif + Bdwff

on (s Sk+1)s

\
\
\
\
\
~
e — APGTP 4 BT, on (sy.sis1)
ot = 7

wmp(

)+ T’WU”* Vs

midpoint

K2(s0 )+ TRUME (57),

($ks Skt1)s

Jo.

impulse decoupling
bal d P — AT, | BIPy  on (s, skp1)
alance B
truncation () = JE A () + T UM (),
AP (s = JE P (s7) 4 JY T (s57)
ymP_,”W y= P, ime cimegimp .
ok .
sl =S [(.;mp/lwnvp S+ 50
=0 !
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Midpoint balanced truncation
s SEsssms)

Notation reset

& = Apx + Byu,

w(s)) = Jia(sy) + Ty vk,

on (Sk75k+1)7
k>0,

Yy = CkCE, on (Sk, sk+1)7
reduction

T = Akﬂ? + Bk‘u7 on (SkH 5k+1)a
B(sf) = Jia(sy) + Jpog, k>0,

y= Ck:/m\v on (Sk7 5k+1)a

x(ty) = xo € Xo,

Z(ty ) = To(xo),

Stephan Trenn (Jan C. Willems Center, U Groningen)
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Midpoint balanced truncation
OO

Challenge: Two types of inputs

T = Apr + Bru, on (Sk, Sk+1), x(ty) = xo € Xo,
2(sf) = Jia(sy) + oy, k>0, (swODE)
Yy = Ckxv on (Sk, sk}+1)7

Two types of input

» Continuous input u: Effects & = Aga + Biu on (Sk, Sk11)
» Discrete input v: Effects x(s;) = Jix(s, ) + Jy vy, at switching times s,

Lemma (Input decoupling)

x solves (swODE) <= = = x,, + x,, where
y 1y solves (swODE) with v, = 0 and x,(t;) =0

» x, solves (swODE) with u = 0 and x,(t, ) = xo

!
Stephan Trenn (Jan C. Willems Center, U Groningen) Model reduction for switched DAEs (26 / 34)
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Continuous-time Gramians

Definition (Local time—dependent Gramians)
Local reachability Gramian: Py (t f eAk(T=k) By, B, 4 r (T=sk)qr

Local observability Gramian: Qk( = [l Ak (k41— T)C,;'—CkeAk(skH’T)

Definition (Global time-varying Gramians)
» Global reachability Gramian:
Pg(t) := Py(t) for t € (to, s1)
Py (t) = MR JEPY | (577) (JE) TeAR 70 1 Py(t) for t € (sg, spa)
» Global observability Gramian:
Qn (t) := Qn(t) for t € (sn,tf)
QF 1= M k=0T QY  JFes (hn1 = 4 Qu(t) for t € (s, sk41)

Stephan Trenn (Jan C. Willems Center, U Groningen) Model reduction for switched DAEs (27 / 34)



e i a a
¥ universityof Midpoint balanced truncation
Ko / gronin; gen usEs msmm)

Energy interpretation Gramians

Theorem (Reachability Gramian and input energy)

Consider (swODE) with v, = 0 and xo = 0 and assume that P (t™) and Py(t) are
positive definite for all t € (to,ts). Then for all x; € R™:

t
i / w(r) Tu(r) dr = af (PZ(t7)) 'ay
OﬁMEt !

Theorem (Observability Gramian)
Consider (swODE) with zero input. Then for all t € (to,t)

/ttf y(r)Ty(r)dr = 2(t) TQE(H)x(th)

Stephan Trenn (Jan C. Willems Center, U Groningen) Model reduction for switched DAEs (28 / 34)
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Midpoint Gramians
Definition
» Midpoint reachability Gramian: P}, := P,g’(s’ﬁ%)

» Midpoint observability Gramian: QJ, := Q (T sk+1)

Intuition /Assumption

States which are difficult to reach and observe at midpoint of interval (sg, sk41)
(quantified by P} and Q) are also difficult to reach and observe on the whole
(finite) time interval.

Midpoint balanced truncation

Use classical balanced truncation for each mode w.r.t. midpoint Gramians

Problem

Effect of discrete input v not yet considered!

!
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Discrete time midpoint dynamics

i = Apx, on (s, s , z(ty ) = xog € Ap,
i f - (Sk Sk+1) (ty) = 20 € Ap (swODE)
x(s)) = Jiw(s,) + Jpvg, k>0,

Lemma (Solutions at midpoints)

The sequence x}" := m(w#) of solution midpoints of (swODE) satisfy the linear

(rectangular) discrete-time system:
m _ m,.m m
Tt = Aty + By vk
where

Al = eAka/gJ,feAk—lTk—l/2 € R™*™—1  and B} := eAkT’f/2J}€’

!
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Overall midpoint reachability Gramians

Definition (Discrete-time reachability Gramians)

P™ :=4XoX, and P"=APPM AT £ BRBRT

where X is an orthogonal basis matrix of Xj.

Definition (Overall midpoint reachability Gramian)
P} :=P; + \P"

Role of parameters v and A

» : How difficult is it to reach the initial value?

» A: Cost relation between discrete input v and continuous input vy
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Medium size academic example

» (swODE) state dimensions: ng = 50, n; = 60, ng = 40
y Coefficient matrices randomly chosen, single input and single output
» Discrete input vy, = (u(sg), u(sg))
» Initial values subspace: Xy = R®

» Reachability Gramian paramters: y=0.1and A =1
» Hankel singular values threshold: g = ¢1 = €2 = 0.001
» Reduced system state dimensions: g = 8, n; = 10, Ny = 6
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Summary: Model reduction for switched DAEs

1. Reduced realization (always possible, depends only on mode sequence)

= Via Wong-sequences and Quasi-Weierstrass form rewrite (swDAE) as switched
ODE with jumps and impulsive output of same size

= Calculate extended reachability and restricted unobservability subspaces

= Calculate weak Kalman decomposition and remove unreachable/unobservable parts

= Define reduced jump maps, output impulses, initial value space and initial projector
2. Impulse decoupling (structural assumption, depends only on mode sequence)

= Key observation: Dirac impulse = infinite peak
~» do not change states which effect output Diracs

= Assumption: States evolve in two disjoint invariant (mode-dependent) subspaces
3. Midpoint balanced truncation (invertability assumption on Gramians)

= Solution = Solution for continuous input + Solution for discrete input

= Calculate midpoint reachability Gramians for continuous and discrete time system

= Calculate midpoint observability Gramians

= Apply mode-wise balanced truncation via the midpoint Gramians

!
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Remaining challenges and literature

Remaining challenges

» Precise rank decisions required for reduced realization

y Impulse decoupling assumption not constructive

y Large-scale matrix-exponentials are required for midpoint balanced truncation

» Switching signal must be known a-priori

References:
) Hossain & T. (2024): Model reduction for switched differential-algebraic equations with known
switching signal, submitted to DAE-Panel
) Hossain & T. (2023): Reduced realization for switched linear systems with known mode sequence,
Automatica
) Hossain & T. (2024): Midpoint based balanced truncation for switched linear systems with known

switching signal, IEEE TAC
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